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I. Introduction

ENSING damage in structures through vibration data is hin-

dered by lack of sensitivity of measurable quantities, such as
natural frequency and mode shapes, and identifiable quantities, such
as mass and stiffness parameters, to damage. Sensitivity enhancing
control (SEC) exploits the relationship between feedback control
gains and system behavior to enhance changes in vibration charac-
teristics when damage occurs. The ultimate goal of SEC is to aid in
damage detection and localization in smart structures through this
enhanced sensitivity. Ray and Tian! investigate full-state feedback
control laws for sensitivity enhancement of the change in natural
frequency caused by stiffness damage through simulation of a can-
tilevered beam in bending. Ray et al.? investigate the ability to en-
hance the sensitivity of frequency shifts as a result of fatigue cracks
in a plate. These papers provide evidence that SEC enhances sen-
sitivity to stiffness damage significantly. However, in both studies
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feedback control laws were designed based on analytic models of
the structure, which in practice, might not be available or might con-
tain error, and both studies incorporate full-state feedback. Ideally,
a healthy model would be identified entirely from input and output
data from the structure under investigation. This model would then
be used to develop a sensitivity-enhancingcontroller for diagnosing
the presence or absence of future structural damage from available
measurements.

The problem of implementing SEC for a system without an an-
alytic model was approached by Solbeck et al.’> That study shows
thata primary issue in damage identification using the SEC method-
ology is that of identifying a healthy model from the input and out-
put data in physical coordinates, such that damage-induced mass,
stiffness, and damping changes ultimately can be identified. The
present study addresses this problem. A robust implementation of
observer-Kalman filter identification (OKID)* is used to identify an
initial minimum-order model for the healthy system. This model is
then transformed using common basis-normalized structural iden-
tification (CBSI)’ into a form from which the mass, damping, and
stiffness matrices can be identified, provided that there are as many
measurements as degrees of freedom.

Given an identified or analytic model, identifying damage from
measured modal frequencies and mode shapes takes the form of
either a forward or inverse problem. The forward problem uses
an identified or analytic model to predict the effect of hypothe-
sized damage cases (e.g., location and/or damage magnitude) on
modal frequencies, which are then compared with measured modal
frequencies to determine the most likely damage case. The in-
verse problemuses optimizationto update structural stiffness, mass,
and/or damping matrices based on measured modal properties to
minimize the difference between measured and model-predicted
modal properties. For either method success depends heavily on
the number of measured modal frequencies and/or mode shapes.
To improve damage identification algorithms, methods have been
developed for modifying the structure to enhance the information
set that is used with forward or inverse approaches. Nalitolelaet al.®
used the conceptof adding known physicalmasses or stiffnessesto a
system to provide additional modal frequencies for model updating
from modal frequenciesalone. Cha and Gu’ used the same concept,
along with a model updating formulation that enforces known con-
nectivity between structural elements. Lew and Juang® introduced
the concept of using feedback controllers to mimic the addition of
masses and stiffnesses to a system.

In this Note a structural matrix assignment (SMA) method is
developed in which a controller directly changes, or “assigns,” the
effective stiffness and damping matrices of a feedback controlled
structure. By shifting the effective (closed-loop) stiffness matrix
to a smaller value, changes in stiffness caused by damage become
more easily identifiable. SMA avoids reliance on measured modal
frequencies and mode shapes for identifying damage. Instead, the
elements of a closed-loop stiffness matrix are identified directly.
The OKID and CBSI methods are used for identification, whereas
concepts from Refs. 1 and 2 are used to targeta closed-loopstiffness
matrix to be assigned. The SMA method is developed in Sec. I1.C
and applied to a three-degree-of-freecdom system subject to stiffness
damage in Sec. III.

II. Theory

A. Structural Dynamics

The second-order, linear equation of motion for a dynamic struc-
ture with m degrees of freedom, r inputs, and ¢ outputs is given
by

Mz +Dz+ Kz = Bu (1)
y=Hiz+Hz+Hz 2

M, D, and K, are the m x m mass, damping, and stiffness matrices;
H, H,,and H, are the ¢ x m displacement, velocity,and accelera-
tion outputinfluence matrices; 3 is the m x r inputinfluence matrix;
and z, u, and y are the m x 1 position vector, the r x 1 input force
vector, and the ¢ x 1 output vector.
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For the case of proportional damping the damping matrix is ex-
pressed as a linear combination of M and K:

D =aM + K 3)

Equation (1) is mass normalized by a change of basis using the
eigenvectorsof the generalized undamped eigenproblem:

K® = MPQ “

The new basis is defined such that g = ®n, resulting in a new equa-
tion of motion:

N+ 20+ Qn=3"Bu 5)
y=H,®n +H, &7 + H, &3 (6)
where
TMP =1, @)
®'De =E ®)
®LP = Q=diag{w?,i=1,...,m} )

Next, the state vector x with n = 2m elements is defined as the set
of modal positions and modal velocities of the system at discrete
degrees of freedom along the structure:

x= ["} (10)
n

This allows Egs. (5) and (6) to be rewritten in state-space form:

. 0”1 I m 0”1 xXr
x= _Q -= X+ &8 u (11)

y=[H,® -H,®Q H,® - H,®Z|x+ H,®®"Bu (12)

B. Structural Identification

In this study identification of mass, damping, and stiffness ma-
trices is done in two steps. OKID* identifies a series of Markov
parameters from the input and output data and extracts a realiza-
tion of the first-order, state-space matrices, using the eigensystem
realization algorithm.’ To handle process and measurement noise,
it is standard procedure to identify a model of much greater order
than the expected true order of the model. The additional modes
identified are known as noise modes. To separate the true structural
modes from the noise modes, a second model of a different order is
identified from the same input and outputdata. Only the eigenvalues
of the structural modes will match between the two models, which
allows the structural modes to be extracted from the higher-order
identified model. This robust process allows minimum-order mod-
els to be identified reliably from noise-corrupted input and output
data.

Second, using CBSI,’ the state-space model is transformed into
the form of Eqs. (11) and (12). From these equations the matrices €2
and = can be directly extracted. If there are at least as many outputs
as degrees of freedom, then ® can be estimated allowing matrices
M, D, and K to be estimated. The transformations of the CBSI
algorithm are entirely deterministic for a given state-space realiza-
tion. There is a problem when the model possesses nonproportional
damping, which is often the situation when a model is identified
from noise-corrupted data. In this case the modes are complex, and
the estimates are somewhat corrupted, but this does not affect the
following algorithm.

C. Structural Matrix Assignment
For output feedback with an r x 1 external input vector u,. and an
r x g feedback gain matrix F, the system input is

u=u,—Fy (13)

Combining Eq. (13) with Eqgs. (1) and (2) yields an expression
for the closed-loop system:

Mz +Dz+ Kz=Bu, — BFH,z — BFH,z — BFH,z  (14)
or
(M + BFH )z + (D + BFH )z + (K + BFH;)z =Bu, (15)

By comparing Eq. (15) with Eq. (1), expressions for the effective
closed-loop mass, damping, and stiffness are

and K=K+ BFH,
(16)

M =M+ BFH,, D =D+ BFH,,

When the outputs are distinct displacements, velocities, and accel-
erations, F' can be partitioned into a stiffness portion, a damping
portion, and a mass portion. When there are g, position outputs, g,
velocity outputs, and g3 accelerationoutputs (¢ =¢q; + ¢, + q3), the
expressions for H,, H,, and H, can be rewritten

Hdl 06]1 xm Oql X m
Hd = Oqg X m 5 Hu = Hu2 5 Ha = Oqg X m
0q3 xm 0q3 xm Ha3

a7

The feedback gain matrix is partitioned as F = [F, F,, F3], and
Eq. (16) becomes

M=M +BF;H,;, D=D+ BF,H,,

K=K+ BF H, (18)

Clearly, the ability of the closed-loop system to recreate desired
effective mass, damping, and stiffness depends heavily on the in-
put and output influence matrices. In addition, to fully specify any
effective structural matrix it is necessary that there be as many in-
puts as degrees of freedom and as many corresponding outputs as
degrees of freedom, for example, displacement outputs for stiff-
ness matrix specification. Otherwise, it is not possible to indepen-
dently affect each element of the effective closed-loop structural
matrix.

The design process for F is guided by the idea of improving sen-
sitivity of the systemresponse to changesin stiffness'-? by reducing
the closed-loopeffectivestiffness,so thatchangesin stiffnesscaused
by damage in the controlled structure are greater percent changes in
total stiffness than for the open-loop system.

III. Simulation Methods and Results

Simulations were performedin MATLAB® using a three-degree-
of-freedom spring-mass chain, in which three masses (each 1 kg)
are connectedin series via springs (each nominally 10 N/m), and the
first mass is connected to ground. Normally distributed parameter
variations with a standard deviation of 0.1 N/m are introduced into
the stiffness of the springs, representing normal changes in struc-
tural parameters, for example, because of environmentalconditions.
Random process and measurement noise, each with a magnitude of
0.5%, are injected during initial excitation into the input and the
output. Damping is initially proportional, with « =0 and 8 =0.05,
but because of identification issues described in Sec. II.B, the real-
ized model typically exhibits nonproportional damping. A total of
10,000 data points are collected, sampling at 5 Hz.

The information used in subsequent calculations for stiffness
damage identification are the uncorrupted input data, the noise-
corrupted output data, the sampling interval, and knowledge of sen-
sor and actuator locations. This ensures that the simulation is as
realistic as possible.

A minimum-order state-space realization is determined using
OKID as described earlier. This model is then transformed using
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CBSI, so that the identified mass, stiffness, and damping matri-
ces can be extracted. This process is repeated using a total of 20
input-output data sequences, and the identified structural matrices
are averaged to remove the effects of parameter variation.

Using the average identified stiffness and damping matrices, a
feedback gain was determined to provide the desired closed-loop
effective stiffness, in this case roughly 5% of the open-loop stiff-
ness. The feedback gain is then used to control a series of healthy
and damaged models to compare the ability to discern damage in
open- and closed-loop scenarios. To test for damage, the OKID-
CBSI processis applied, and the diagonal elements of the identified
stiffness matrices are examined.

In the first example full-state feedback is assumed to allow both
the effective closed-loop stiffness and damping to be assigned. Be-
cause the full state is rarely available, in the second example, only
position feedback is used, allowing the closed-loop effective stiff-
ness to be assigned, but not the damping. In both examples the
damage case is a 1% decrease in the stiffness of the third spring
k3, which reduces the second and third diagonal elements of the
stiffness matrix, K,, and K3;.

To compare populations in the upcoming simulations, a hypothe-
sis test is used. The null hypothesisis the means are equal, with the
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alternate hypothesis that the means differ. Because the variances of
the two populations are unknown, but can be assumed to be equal,
the test statistic is
X - X
JS2(/Ly + 1/L)

where )_(1 and )_(2 are the population means, L; and L, are the
population sizes, and

T (19)

(Ly = 1)SE+ (L, — 1)S2
L,+L,—-2

S[z) = 20)
S? and S7 are the population variances. Higher values of the test
statistic 7' indicate a more significant difference in means between
the two populations.

Figure 1 shows full-state feedback simulation results providing
identified stiffness matrix diagonal elements for 20 trials. For both
the healthy and damaged systems the variations in identified stiff-
ness matrix diagonal elements are caused by both normal parameter
variation and corruption in the input and output data used for iden-
tification. In the open-loop plots the effect of a 1% decrease in the
stiffness of k3 is only discernablein the third diagonal element of the
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Fig. 1 Diagonal elements of the identified stiffness matrices in newtons/meter for the open-loop system and for the full-state feedback, closed-loop
system. Mean value and standard deviation (in parentheses) are provided, and the test statistic is shown in the abscissa label.
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Fig. 2 Diagonal elements of the identified stiffness matrices in newtons/meter for the open-loop system and for the position feedback, closed-loop
system. Mean value and standard deviation (in parentheses) are provided, and the test statistic is shown in the abscissa label.
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stiffness matrix, and this shift would not allow the damage location
to be determined. However, in the closed-loop plots the impact of
damage is more statistically significant, showing that not only is the
stiffness matrix clearly changed, but that it is most likely &3 that is
changed. The test statistic for K; is small, indicating no significant
difference in mean values, for both the open-loop and closed-loop
cases, as expected, because damage in k3 does not affect K;,. The
test statistic for Ky, and K3; is substantially larger for closed-loop
SMA than for the open-loop case, indicating that the means are
significantly different.

The output feedback results, shown in Fig. 2, are not quite as
distinct as in the full-state feedback case, but it is still clear that
the sensitivity-enhancedcase outperforms the open-loop case. As
before, damage is only discernablein the third diagonal element for
the open-loop plots, whereas, in the closed-loopdata, all three diag-
onal elements are significantly changed, which makes the presence
of damage more easily determined, but still does not permit damage
localization.

The output feedback approach is applicable to more complex
systems; however, ability to determine the location of the damage
will depend heavily on the number and location of sensors.

IV. Conclusions

SMA greatly enhances the shifts in the effective stiffness ma-
trix caused by a small change in the actual stiffness of an individ-
ual spring. It has also been shown that the position output feed-
back case performs nearly as well as the full-state feedback case.
SMA provides a means for designing sensitivity enhancing con-
trollers for use in the identification of stiffness damage in simple
structures.
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Nomenclature

= area of cross section

lateral displacement at the middle of the column
as defined in Eq. (41)

Young’s modulus

area moment of inertia

stiffnesses of the rotational spring (Fig. 1)
length of the column

axial compressive load

critical load

e}
s}
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NL = postbucklingload

r = radius of gyration

T = temperature

T, = axial tension developed as a result
of large deformations

T = critical temperature

U = strain energy

u = axial displacement

w = work done by the load P

w = lateral displacement

X = axial coordinate

o = coefficient of linear thermal expansion

Bi, B, = coefficients in Eq. (4)

y1, ¥» = rotational spring stiffness parameters,
(ki\L/EI,kyL/EI)

A = load parameter, (PL*/EI)

Aer = critical load parameter, (PL?/EI)

ANL = postbucklingload parameter, ( Py L? /ET)

Aa = axial tension parameter, (7, L%/EI)

Superscript

) = differentiation with respect to x

Introduction

N a recent Note,' the authors have proposed a simple intuitive

method to predict the thermal postbucklingbehavior of uniform
columns, with axiallyimmovableends, with classicalboundary con-
ditions like pinned or clamped at the ends. This method, basically,
requires the linear thermal buckling load and the tension developed
in the column caused by large deformations.

In actual practice, the classical boundary condition like pinned
and clamped are difficult to realize, and the end conditions will be
somewhere in between the pinned and clamped ones. This situation
can be simply representedby applyingelasticrotational springs with
a specified stiffnessand making the lateral displacementsat the ends
zero. The limiting cases of pinned and clamped conditions can be
obtained by making the rotational spring stiffness either zero or
very large.
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